Abstract. In recent years, redundancy in parallel manipulators has been studied broadly due to its capability of overcoming some of the drawbacks of parallel manipulators including small workspaces and singular configurations. Internal redundancy, first introduced for serial manipulators, refers to the concept of adding movable masses to some links so as to allow to control the location of the centre of mass and other dynamic properties of some links. This concept has also been referred to as variable geometry. This paper investigates the effects of internal redundancy on the dynamic properties of a planar parallel manipulator while performing a family of trajectories. More specifically, the 3-RRR planar manipulator, where a movable mass has been added to the distal link, is allowed to trace trajectories with rounded corners and different radii. The proposed method uses the manipulator's dynamic model to actively optimise the location of the redundant masses at every point along the trajectory to improve the dynamic performance of the manipulator. Numerical examples are shown to support the idea.
Introduction
Redundancy in parallel manipulators is normally divided into kinematic redundancy, actuation redundancy and branch redundancy Zanganeh and Angeles, 1994; . Actuation redundancy consists of replacing passive joints with active ones (Zanganeh and Angeles, 1994; where the number of degrees-of-freedom or mobility of the manipulator does not change. Although actuation redundancy can help either eliminate or reduce singular configurations, issues such as force interference make the manipulators more complex to analyze, design and control . The second type of redundancy is called branch redundancy where an extra actuated branch is added to the manipulator . Branch redundancy can improve the force capabilities of the manipulator and reduce the number of singular configurations. The third type of redundancy is called kinematic redundancy where active joints and links are added to one or more branches of the manipulator Wang and Gosselin, 2004) . This type of redundancy can enhance the dexterity of the manipulator as well as enlarge the workspace. Additionally, kinematic redundancy allows to plan trajectories far from certain singular configurations as the inverse displacement problem has an infinite number of solutions (thus often allowing for the manipulator to remain as far as possible from singular configurations) .
Redundant parallel manipulators have been widely used to improve the trajectories of parallel robots. For instance, Cha et al. (2007) showed that kinematically redundant manipulators can effectively avoid singular configurations thus increasing the singularity-free workspace of the parallel manipulator. Ruggiu and Carretero (2010) applied an optimisation procedure on a kinematically redundant parallel manipulator to minimise the acceleration of the actuators while following certain trajectories. The method was applied on a kinematically redundant parallel manipulator following square paths with rounded corners. They showed that the accelerations of Published by Copernicus Publications. degrees of freedom (DOF) is added to the serial manipulator. However, in contrast with the redundant actuators and/or links described earlier, the new DOF is used to change the internal geometry of a link resulting in the change of the location of the link's centre of mass and its inertial mass distribution parameters (i.e., its mass moment of inertia). Since the changes are made within the internal members of the link, the redundant DOF does not have a direct effect on the end effector pose (i.e., position and orientation). More specifically, in reference to Figure 1 , the position of the mass m s in link 2 can be changed without altering the pose of the end effector. This allows for different internal motions for a given trajectory of the end effector thus adding control to some dynamic parameters of the manipulator to attempt to improve its dynamic performance for specific tasks. In this paper, the concept of internal redundancy is applied to a planar parallel manipulator. First, a 3-RRR manipulator with internal redundancy in all three branches is described and its kinematic and dynamic equations (Sections 2 and 3) are derived. Then, an optimisation problem is formulated where the displacement of each of the portable masses at every point throughout a trajectory is sought to minimise the torques at the base actuators (Section 4). The architectural parameters and trajectory planning algorithm are explained through a numerical example and are presented in Section 5 and then discussed in more detail in Section 6. Finally, Section 7 presents the conclusions and briefly discusses potential future work.
The 3-RRR Manipulator with Internal Redundancy
A 3-DOF planar parallel manipulator shown in Figure 2a is chosen to investigate the effect of internal redundancy in parallel manipulators. The manipulator is a symmetrical 3-RRR manipulator with base (G 1 G 2 G 3 ) and end effector (A 1 A 2 A 3 ) as equilateral triangles. The three revolute actuators to move the manipulator's end effector are located at G i , the base joint of each branch. The length of the proximal links, i.e., links G i B i (i = 1,2,3), has been denoted by l 1 while the length of the distal link, i.e., B i A i (i = 1,2,3) has been denoted by l 2 .
In order to study the concept of internal redundancy, a portion of the distal link (the portion from B i to A i ) protrudes on the opposite side of the revolute joint at B i and creates a linear track from A i to A i where the redundant mass m s can slide on (see Figure 2b) . The position of the mass relative to the elbow joint B i is given by s i and is measured in the direction of A i . Since the masses m s are mounted on tracks or prismatic joints, their position along A i A i can be actively controlled. More specifically, the distance s i from elbow joint B i to the centre of mass m s can be actively controlled thus changing the overall dynamic properties and effects of links A i A i .
To help complete the dynamic model, each element has been given a mass while symmetry has been assumed to simplify the analysis. Moreover, the links have been modelled as slender rods. The proximal links have all been assigned a mass m 1 with their centre of mass located halfway between G i and B i while all three distal links have been assigned a mass m 2 with their centre of mass located halfway between A i and A i . The moving platform has been assigned a mass m e with its barycentre located at the centroid of the moving platform.
Dynamic Model of the Redundant 3-RRR Manipulator
The inverse dynamic problem of a 3-RRR planar parallel manipulator with 3-DOF of internal redundancy is developed in this section. The dynamic model is obtained using the Principle of Virtual Work as well as d'Alembert's principle. The derivation is similar to that presented in Wu et al. (2011) . For this purpose, a complete kinematic model of the manipulator needs to be developed to derive the velocity and acceleration equations. In addition to that, inertial forces and moments of all the links need to be calculated.
Note that in what follows, the equations are derived for each of the three legs. Therefore, index i in the equations that follow is assumed to respectively take the values 1, 2 and 3 when deriving the equations for legs 1, 2 and 3.
Kinematics
The base coordinate frame O-xy (denoted by {O}) shown in Figure 2 is fixed on point G 1 . Also, a moving coordinate frame P -x N y N (denoted by {N }) is attached to the barycentre of the moving platform. The position vector of B i in the base coordinate frame is defined as follows: the actuated joints on the kinematically redundant manipulator are significantly less than the ones needed for a nonredundant manipulator.
Recently, a new type of redundancy called internal redundancy has been the focus of some attention in the context of serial manipulators (Vukobratović et al., 2000) . Similar to the types of redundancy described earlier, a new set of degrees of freedom (DOF) is added to the serial manipulator. However, in contrast with the redundant actuators and/or links described earlier, the new DOF is used to change the internal geometry of a link resulting in the change of the location of the link's centre of mass and its inertial mass distribution parameters (i.e., its mass moment of inertia). Since the changes are made within the internal members of the link, the redundant DOF does not have a direct effect on the end effector pose (i.e., position and orientation). More specifically, in reference to Fig. 1 , the position of the mass m s in link 2 can be changed without altering the pose of the end effector. This allows for different internal motions for a given trajectory of the end effector thus adding control to some dynamic parameters of the manipulator to attempt to improve its dynamic performance for specific tasks.
In this paper, the concept of internal redundancy is applied to a planar parallel manipulator. First, a 3-RRR manipulator with internal redundancy in all three branches is described and its kinematic and dynamic equations (Sects. 2 and 3) are derived. Then, an optimisation problem is formulated where the displacement of each of the portable masses at every point throughout a trajectory is sought to minimise the torques at the base actuators (Sect. 4). The architectural parameters and trajectory planning algorithm are explained through a numerical example and are presented in Sect. 5 and then discussed in more detail in Sect. 6. Finally, Sect. 7 presents the conclusions and briefly discusses potential future work.
The 3-RRR manipulator with internal redundancy
A 3-DOF planar parallel manipulator shown in Fig. 2a is chosen to investigate the effect of internal redundancy in parallel manipulators. The manipulator is a symmetrical 3-RRR manipulator with base (G 1 G 2 G 3 ) and end effector (A 1 A 2 A 3 ) as equilateral triangles. The three revolute actuators to move the manipulator's end effector are located at G i , the base joint of each branch. The length of the proximal links, i.e., links G i B i (i = 1, 2, 3), has been denoted by l 1 while the length of the distal link, i.e., B i A i (i = 1, 2, 3) has been denoted by l 2 .
In order to study the concept of internal redundancy, a portion of the distal link (the portion from B i to A i ) protrudes on the opposite side of the revolute joint at B i and creates a linear track from A i to A i where the redundant mass m s can slide on (see Fig. 2b ). The position of the mass relative to the elbow joint B i is given by s i and is measured in the direction of A i . Since the masses m s are mounted on tracks or prismatic joints, their position along A i A i can be actively controlled. More specifically, the distance s i from elbow joint B i to the centre of mass m s can be actively controlled thus changing the overall dynamic properties and effects of links A i A i .
Dynamic model of the redundant 3-RRR manipulator
Kinematics
The base coordinate frame O-xy (denoted by {O}) shown in Fig. 2 is fixed on point G 1 . Also, a moving coordinate frame where r Bi describes the position vector of point B i , r Gi is the position vector of point G i and θ i is the angle link G i B i makes with the x axis (i.e., the actuation variable for the motor located at G i ). The position vector of A i is expressed as follows:
where r Ai is the position vector of point A i , β i describes the angle of link B i A i with respect to the horizontal x direction, r p is the position vector of point p and r N Ai is the position vector of A i expressed in frame N . The rotation matrix R describing frame {N } relative to frame {O} is defined as follows:
The constraint equation of motion is written as follows:
where l 2 is the portion of the distal link from B i to A i .
Inverse Displacement Problem
The inverse displacement problem of the 3-RRR planar manipulator is written as follows:
where γ i is defined as follows:
where atan2 is the quadrant corrected inverse tangent function. while x Ai and y Ai are the Cartesian components of the position of A i relative to G i and are written as follows:
where x and y are Cartesian positions of point P , l 3 is the radius of the moving platform (i.e., the distance between P and A i ) and φ i is given by
The equation for ψ i is written as follows:
Velocity and Acceleration
Taking the time derivative of equation (1) leads tȯ
whereθ i is the angular velocity of actuator i. The linear velocity of point A i is written as follows:
where v P is the vector describing the linear velocity of point P . Matrix N is defined as follows:
The angular velocity of link B i A i is derived from equation (12) and is written as follows:
The linear acceleration of points B i and A i is obtained as the time derivative of equations (11) and (12): moving platform. The position vector of B i in the base coordinate frame is defined as follows:
where r B i describes the position vector of point B i , r G i is the position vector of point G i and θ i is the angle link G i B i makes with the x-axis (i.e., the actuation variable for the motor located at G i ). The position vector of A i is expressed as follows:
where r A i is the position vector of point A i , β i describes the angle of link B i A i with respect to the horizontal x direction, r p is the position vector of point p and r
is the position vector of A i expressed in frame N. The rotation matrix R describing frame {N} relative to frame {O} is defined as follows:
Inverse displacement problem
where atan2 is the quadrant corrected inverse tangent function, while x A i and y A i are the Cartesian components of the position of A i relative to G i and are written as follows:
where x and y are Cartesian positions of point P, l 3 is the radius of the moving platform (i.e., the distance between P and A i ) and φ i is given by
Velocity and acceleration
Taking the time derivative of Eq.
(1) leads tȯ
where v P is the vector describing the linear velocity of point P. Matrix N is defined as follows:
The angular velocity of link B i A i is derived from Eq. (12) and is written as follows:
The linear acceleration of points B i and A i is obtained as the time derivative of Eqs. (11) and (12):
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where a P is the linear acceleration of point P. The time derivative of Eq. (14) leads tö
In order to generate the Jacobian matrix, the time derivative of Eq. (4) yields
where the elements of this Jacobian matrix are as follows:
where x G i and y G i are the Cartesian components of the position of point G i 
Link Jacobian matrices
Since the Principle of Virtual Work is applied to develop the dynamic model of the 3-RRR manipulator, link Jacobian matrices have to be derived. When the end effector is subjected to a virtual displacement, the link Jacobian sub-matrix related to the linear velocity provides the virtual displacement of a point on a link, while the link Jacobian sub-matrix related to angular velocity produces the virtual angular displacement of a link (also referred to as partial velocity and partial angular velocity matrices by some authors, Wu et al., 2009 Wu et al., , 2011 . Points G i , B i and P are considered as the pivotal points of links G i B i , B i A i and the moving platform, respectively. The link Jacobian sub-matrix related to the angular velocity of link G i B i is written as follows:
The link Jacobian sub-matrix related to the linear velocity of point G i is zero since the velocity of that point is zero. The link Jacobian sub-matrix related to the linear velocity of point G i is thus written as:
The link Jacobian sub-matrix related to the linear velocity of point B i and the link Jacobian sub-matrix related to the angular velocity of link B i A i are obtained from J (Eq. 18) and from Eq. (14), respectively and are written as follows:
where
T and e 3 = [0 0 1] T . The link Jacobian sub-matrix related to the angular velocity of the moving platform and the link Jacobian sub-matrix related to the linear velocity of point P are written as follows:
Inertial force and inertial moment
Here, the Newton-Euler formulation is applied to develop the inertial forces and the inertial moments of each moving body about its centre of mass. Then, these inertial forces and moments are calculated about pivotal points (i.e., points A i , B i and G i ). The inertial force and moment of link G i B i about pivotal point G i are written as follows:
where θ i ,θ i andθ i are the angular displacement, angular velocity and angular acceleration of actuator i, and I i1 is the moment of inertia of link G i B i about point G i . The influence of internal redundancy appears in the inertial force and moment of the distal links where the moment of inertia and mass centre of the links vary with respect to the position of m s . The equations for the inertial force and moment about point B i of the distal links are written as follows: The inertial force and moment of the moving platform about point P is written as follows:
where a P andα are the linear acceleration of point P and the angular acceleration of the moving platform, respectively while m n and I N represents the mass and the moment of inertia of the moving platform.
Dynamic model
The dynamic equation of the 3-RRR is written as follows:
where J is the Jacobian matrix of the manipulator, τ presents the torque vector, H i j are the link Jacobian sub-matrices related to velocity and G i j are the link Jacobian sub-matrices related to the angular velocity of the links, H N and G N represent the link Jacobian sub-matrix related to velocity and the link Jacobian sub-matrix related to the angular velocity of the moving platform, F i j and M i j are inertial forces and moments of the robot links and F N and G N represent the inertial force and moment of the moving platform.
Trajectory optimisation
When planning a trajectory in the Cartesian space, the displacement, velocity and acceleration of the end effector are known. These can be used to calculate the kinematic properties of all active joints for every point in the trajectory while the dynamic equations can be used to compute the actuator torques. Since the necessary torques to move the end effector are a function of the position, velocity and acceleration of the portable masses, moving the redundant masses (i.e., changing s i ,ṡ i ands i for i = 1, 2, 3) will also have a direct effect on the torques at the base-mounted actuators. Here, variables s i are optimised to minimise the manipulator's total torque at a specific time step within the trajectory.
The optimisation problem is written as follows:
where τ i refers to the optimised torque of actuator i at every time step,τ i is the torque value obtained when a similar manipulator without internal redundancy is used and λ is a coefficient between 0 and 1 which makes the objective function flexible on the percentage of the optimised torque value with respect to the torques of the non-redundant manipulator. The optimisation variable (i.e., s i ) is the distance from joint B i to the barycentre of the redundant mass. In Eq. (39), the value of s i has been constrained so as to keep it within track A i A i . Also, the rate of change of s i (i.e.,ṡ i ) is bounded in the positive and negative directions to a maximum absolute valueṡ max (withṡ max > 0). In addition to that, the rate of change ofṡ i (i.e.,s i ) is bounded to a maximum absolute values max . These limits prevent any sudden changes in the motion of the portable masses. The choice of the objective function will be clearer when the results are presented. During the optimisation procedure, the position of m si , i.e., variable s i , changes to minimise the sum of the squared actuator torques within that specific time step. To achieve this, the following steps are followed:
1. Define the reference trajectory (point-to-point): the desired trajectory is planned in Cartesian space and the displacement, velocity and acceleration of the actuators are obtained using the corresponding inverse kinematic solutions.
Calculate the torques of the non-redundant manipulator:
the torque values of the manipulator without internal redundancy is calculated for the defined reference trajectory.
3. Define the search space: the displacements of the redundant actuators through the trajectory are used as the design variables for the optimisation process.
4. Define the bounds: based on the current position of the portable masses and a user-defined maximum velocity and maximum acceleration of the redundant actuators, the upper and lower bounds of the optimisation variables are calculated.
5. Define the initial condition: the initial position of the portable masses needs to be adjusted as it affects the optimisation results. motion of the portable mass remains constant as well as its improving effect on the torque. Figure 4b presents the result of the optimised torques against non-optimised ones for the trajectory with a smaller rounded corner radius (i.e., r = 0.013 m). As can be seen in the torque plot of joints 2 and 3, the optimised value of the torques are greater than the non-optimised value when the end effector goes through the rounded corner. This is due to the acceleration of the portable mass (i.e.,s 1 ) which meets the pre-defined threshold (see Figure 6b) . At this point, the accelerations of the portable masses remain constant as well as their effect on the inertial force of the distal link. Similar to the results for the trajectory with r = 0.025 m, the velocity of the portable mass two meets the limit at t = 0.4 s and the corresponding acceleration drops to zero. It has been noticed that the optimised value of the torque of joint 2 and 3 will be less than non-optimised one if the limit of the acceleration of the portable mass is increased to 12 m/s 2 . Also, there is a small jump at the optimised torque value of joint 1 at t = 0.8 s. This is due to the acceleration of the portable mass that meets the limit. Figure 5a shows the result of optimisation of the torques for the trajectory with r = 0.025 m wile λ = 0.5. Since the optimised torque values need to be as small as half of the torque values of non-redundant manipulator, the portable masses need to produce smaller inertial forces and moments in comparison with the scenario with λ = 0 (Figure 4a . Consequently, the portable masses move with smaller velocity and acceleration (Figure 6c ) which prevents them from meeting the limits. As it is seen in Figure 6c , all portable masses move with relatively smaller acceleration in comparison with Figure 6a . Also, the second portable mass does not meet the velocity limit at t = 0.65 s. The displacement of the portable masses is shown in Figure 5b where they are initial at 0 and are allowed to move between −1 and 1.
The torque values of the joints are relatively small in all cases when the end effector moves with a constant velocity. When the acceleration of the end effector is zero, the inertial forces and moments of the links decrease. In addition to that, the inertial force of the end effector will turn to zero.
Conclusions
The dynamic model of a 3-RRR planar parallel manipulator involving a portable mass on the distal links is developed. The total of the squared actuators torques is investigated. An optimisation algorithm is implemented to find the optimal position of the portable masses while the end effector undergoes an arbitrary trajectory with a rounded corner.
The concept was tested on two trajectories with different rounded corners using the same Cartesian velocity. The results of the conducted tests suggest that the motion of the portable masses can improve (i.e., reduce) the ground actuator torques for both accelerating and decelerating sections. Also, the base actuator torques improve when the end effector tracks the rounded corner with r = 0.025 m. However, the optimised torques are greater than the the nonoptimised ones around the rounded corner for the trajectory with r = 0.013 m. Since the trajectory with sharper corner imposes greater torque values on the ground joints, the motion of the portable masses need to generate greater inertial forces and moments on the distal links to improve the torque values at rounded corner. However, the changes in inertial forces and moments of the distal links are limited due the limits that have been defined for the velocity and acceleration of the portable masses.
The objective function is flexible to determine the percentage of improvement of the optimised torques with respect to the torque values of the same manipulator without internal as the difference between their objective function values are monitored at every iteration of optimisation. Once they have met the pre-defined user threshold, the optimisation procedure stops.
7. Optimise the position of the portable mass: a nonlinear multi-variable constrained optimisation is conducted to minimise the active-joint torques in Eq. (38).
-The displacement, velocity and acceleration of the base actuators are calculated at every step of the optimisation procedure.
-The current velocity and acceleration of the redundant actuators are calculated using the time history of the redundant actuators.
-The objective function value is determined.
Numerical example

Architectural parameters and analysed trajectory
The manipulator's architectural parameters for the current example are as follows: all proximal link lengths are set to 1 m (i.e., l 1 = 1 m for all legs). Also, all distal link lengths are set to 1 m (i.e., l 2 = 1 m for all legs) where a track has been attached to every distal link to allow the portable mass to move from s i = −1 to 1 m. The base and moving platforms are equilateral triangles inscribed in circles of 1 m and 0.25 m in radius, respectively. The mass m 1 of each of the proximal links is 1 kg while the distal links have a mass m 2 = 1 kg (including the mass of the track) and the end effector has mass m e = 0.5 kg and m s = 3 kg.
Trajectory planning
The procedure has been studied on two trajectories with rounded corners which have been planned in the Cartesian space. For both trajectories, the end effector moves on a straight line with an initial velocity of 0 m s −1 while keeping the end effector with constant orientation. As the tracking velocity reaches a user defined velocity in a specified time (0.2 m s −1 in 0.4 s), the end effector tracks the trajectory with a constant velocity. The abrupt acceleration change between t = 0.8 and t = 1.0 s occurs when the end-effector enters the rounded corner segment and normal acceleration occurs. The end effector decelerates in (0.4 s) to come to a stop in the last point of the trajectory. However, the radii of the rounded corners of the trajectories are different.
The trajectory's initial position is p 1 = [1 0.4] T . Also, the radii of the round corners are r = 0.025 m and r = 0.013 m. Each trajectory starts from point p 1 and goes in the positive Y direction. Once the end effector moves 0.07 m in the Y direction, the rounded corner commences (the rounded corner is a quarter of a circle). Thereafter, the end effector travels 0.07 m in the negative x direction. The norm of the Cartesian velocity and the acceleration of the end effector is presented in Fig. 3 . Since the radii of the rounded corners are different, the total length of the trajectories are not the same.
The optimisation problem was implemented in Matlab. The function fmincon was used to perform the constrained local optimisation in Eqs. (38) to (40). More particularly, the Sequential Quadratic Programming (SQP) with Hessian update option within fmincon was used. The SQP method is an alternative approach for handling inequality constraints in non-linear programming where SQP finds the minimum of a sequence of quadratic programming sub-problems. The objective function is estimated with a quadratic function and redundancy. As greater improvement of the torques requires higher limits of the velocity and the acceleration for portable masses, the objective function can be adjusted to keep the optimisation variables away from the limits.
The obtained simulation results suggest that if a manipulator can not follow a trajectory with a rounded corner due to the torque limits of the ground joints, it will be feasible through application of internal redundancy (without altering the ground actuators). This is possible as the dynamic forces required to perform the more demanding trajectories are shared by both the base actuators as well as the additional actuators on the distal links.
There are a few parameters that affect the the simulation such as Cartesian velocity of the end effector, the radius of the rounded corner and the allowed limits of the velocity ing a relatively large end effector velocity demands greater torque values at the ground joints. Consequently, the portable masses need to generate greater forces and moments on the distal links which is proportional to the limits of the velocity and acceleration of the portable masses. Moreover, due the aforementioned force sharing effect, the balance between the contribution of the two sets of actuators to the specific task needs to be carefully considered (e.g., using an objective function that considers both sets of actuators).
As future work, it is suggested to look at the trajectory globally rather than point-to-point motion planning. In that case, the position of the portable masses can be adjusted with respect to the any up-coming critical situation (i.e., rounded corner). is minimised subject to the linearised constraints. In this method, the Hessian of the Lagrangian function is estimated at every iteration using a quasi-Newton update method. This approximation is used to create a quadratic programming sub-problem and its solution is applied to generate a search direction for the line search procedure .
In the current numerical example, the velocity of the portable masses is allowed to vary in the range between −1 m s −1 and +1 m s −1 . The maximum absolute value of the acceleration of the portable masses is considered as 7 m s −2
and m s i = 3 kg for i = 1, 2, 3. Figure 4a illustrates the comparison between the torque values obtained from the optimisation routine and the manipulator without internal redundancy (i.e., m s i = I B i A i = 0) for the trajectory with r = 0.025 m as the radius of the rounded corner and λ = 0. As shown in Fig. 4a , the manipulator with internal redundancy can follow the reference trajectory with significantly lower torques (approximately 10 −1 Nm) in both the accelerating and decelerating phases as well as the rounded corner area. However, the optimised torque for joint two is greater than the non-optimised one at t = 0.65 s. As can be seen in Fig. 6a , the acceleration of the portable mass is zero at t = 0.65 s which means the velocity of the portable mass meets the limits. Consequently, the effect ofs 1 is eliminated from the dynamic equation at that instant. Also, the optimised torque for joint two at t = 0.9 s is slightly greater than the optimised torque of actuators one and three at the same time instant. As it is shown in Fig. 6a , the acceleration of the second portable mass meets the limit at t = 0.9 s. Consequently, the inertial force that is produced due to the motion of the portable mass remains constant as well as its improving effect on the torque. Figure 4b presents the result of the optimised torques against non-optimised ones for the trajectory with a smaller rounded corner radius (i.e., r = 0.013 m). As can be seen in the torque plot of joints 2 and 3, the optimised value of the torques are greater than the non-optimised value when the end effector goes through the rounded corner. This is due to the acceleration of the portable mass (i.e.,s 1 ) which meets the pre-defined threshold (see Fig. 6b ). At this point, the accelerations of the portable masses remain constant as well as their effect on the inertial force of the distal link. Similar to the results for the trajectory with r = 0.025 m, the velocity of the portable mass two meets the limit at t = 0.4 s and the corresponding acceleration drops to zero. It has been noticed that the optimised value of the torque of joint 2 and 3 will be less than non-optimised one if the limit of the acceleration of the portable mass is increased to 12 m s −2 . Also, there is a small jump at the optimised torque value of joint 1 at t = 0.8 s. This is due to the acceleration of the portable mass that meets the limit. Figure 5a shows the result of optimisation of the torques for the trajectory with r = 0.025 m wile λ = 0.5. Since the optimised torque values need to be as small as half of the torque values of non-redundant manipulator, the portable masses need to produce smaller inertial forces and moments in comparison with the scenario with λ = 0 (Fig. 4a) . Consequently, the portable masses move with smaller velocity and acceleration (Fig. 6c ) which prevents them from meeting the limits. As it is seen in Fig. 6c , all portable masses move with relatively smaller acceleration in comparison with Fig. 6a . Also, the second portable mass does not meet the velocity limit at redundancy. As greater improvement of the torques requires higher limits of the velocity and the acceleration for portable masses, the objective function can be adjusted to keep the optimisation variables away from the limits.
Results and discussion
There are a few parameters that affect the the simulation such as Cartesian velocity of the end effector, the radius of the rounded corner and the allowed limits of the velocity and acceleration of the portable masses. For instance, having a relatively large end effector velocity demands greater torque values at the ground joints. Consequently, the portable masses need to generate greater forces and moments on the distal links which is proportional to the limits of the velocity and acceleration of the portable masses. Moreover, due the aforementioned force sharing effect, the balance between the contribution of the two sets of actuators to the specific task needs to be carefully considered (e.g., using an objective function that considers both sets of actuators).
As future work, it is suggested to look at the trajectory globally rather than point-to-point motion planning. In that case, the position of the portable masses can be adjusted with respect to the any up-coming critical situation (i.e., rounded corner).
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Conclusions
The objective function is flexible to determine the percentage of improvement of the optimised torques with respect to the torque values of the same manipulator without internal redundancy. As greater improvement of the torques requires higher limits of the velocity and the acceleration for portable masses, the objective function can be adjusted to keep the optimisation variables away from the limits.
As future work, it is suggested to look at the trajectory globally rather than point-to-point motion planning. In that case, the position of the portable masses can be adjusted with respect to the any up-coming critical situation (i.e., rounded corner). 
